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Abstract 

In this paper we show how to construct a Dirac operator on a 
lattice in complete analogy with the continuum. In fact we consider 
a more general problem, that is, the Dirac operator over an abelian 
finite group (for which a lattice is a particular example). Our results 
appear to be in direct connexion with the so called fermion doubling 
problem. In order to find this Dirac operator we need to introduce an 
algebraic structure (that generalizes the Clifford algebras) where we 
have quantities that work as square-root of the translation operator. 
Quantities like these square-roots have been used recently in order to 
provide an approach to fermions on the lattice that is free from dou¬ 
bling and has chiral invariance in the massless limit, and our studies 
seem to give a mathematical basis to it. 


1 Introduction 

As well-known, the usual study of fermions in lattice held theories (LFT) is 
defective. Of course one of the major problems is the so called fermion dou¬ 
bling problem|l|]. We feel, however, that there is another big disappointment 
concerning LFT. In fact, while in the continuum the Dirac operator can be 
written in the form d = as a square root of the Laplace-Beltrami 

operator □, that is = □, the same appears to not happen on the lattice. In¬ 
deed, to the best of our knowledge, we don’t have an expression for the Dirac 
operator on the lattice that is of the form T^D^, where F^ are operators 
(like the gamma matrices in the continuum) and are derivatives. The ori¬ 
gin of this problem is that while in the continuum the laplacian is given by 
on a lattice we need both the forward and backward derivatives, 
that is, the laplacian is given by ~ The problem, 

^On leave of absense from Department of Applied Mathematics, State University at 
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therefore, is if it exists an operator on a lattice that is of the form 
or snch that its sqnare gives the laplacian ~ 

In a previons work|Q we have tried to solve this important problem. Onr 
approach was along the direction of Dirac-Kahler spinor helds (DKSF)|^ 
in the sense that the gamma matrices can be thonght as operators acting 
on differential forms. In terms of the DKSF we also have the remarkable 
relationship 9 = d — 5, where d is the Dirac operator and d and 5 are the 
nsnal differential and (Hodge) co-differential operators, respectively @]. Note 
that this is not a dehnition since d is dehned nsing a Clifford algebra while d 
and 6 are dehned using the exterior (or Grassmann) algebra. Our approach, 
however, had some limitations, particularly in relation to the geometry of the 
lattice (we succeed to hnd an answer for some particular cases) and we have 
been looking since then for a more satisfactory approach. Our purpose in this 
paper is to present such an approach, that is, to present a formalism such 
that we have an operator d over a lattice such that its square <9^ gives the 
lattice transcription of the Laplace-Beltrami operator, with these operators 
acting on lattice analogues of DKSF. 

Of course to look for such a ’’true” lattice analogue of the Dirac operator 
is a problem which is important by itself. However, this could be the key 
to the solution of the fermion doubling problem, as shown by Feng, Li and 
Song[^. These authors arrived from a different approach to an operator 
like the one once introduced in P] (whose generalization we shall discuss 
in this paper) and it seems that the approach in terms of this operator is 
free from the doubling problem. Since our approach and the one of P are 
very different, studies remain to be done to shown the relationship (if any) 
between those operators, as well as if it really provide a solution to that old 
problem, but anyway it is amazing that such a relationship seems to exist 
and that it could provide a solution to the doubling problem. 

In this paper we shall introduce the version of the Dirac operator over an 
abelian hnite group G. A d-dimensional lattice is a particular case for which 
G is of the form G = x ■ • • x Our approach in terms of an arbi¬ 

trary abelian hnite group removes therefore several limitations related to the 
geometry of a particular lattice, which is welcome. We organized this paper 
as follows. In section 2 we briehy introduce some basic mathematical tools 
from noncommutative geometry that will be needed. Most of the materials 
in section 2 are well-known and not restricted to abelian hnite groups, but 
since this is the case we are interested we shall restrict our attention to it. 
Some references are i, 0, I, i 0- In section 3 we discuss the basics of the 
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exterior algebra, obtaining some preliminary results that will be needed in 
the sequel. In section 4 we introduce a generalized Clifford algebra, which 
is the algebraic structure we need in order to construct the Dirac operator. 
This Clifford-like algebra is a generalization of the Clifford algebras of the 
continuum. It is no surprise that we need such a generalized Clifford algebra 
in order to construct the Dirac operator. Indeed, it is reasonable to suppose 
that if the Dirac operator over an abelian finite group is different from its 
continuum version, then the algebraic structure needed to construct it must 
also be different from its continuum version. Like this version of Dirac op¬ 
erator is expected to reduce to the usual one in the continuum limit, this 
generalized Clifford algebra is expect to reduce to the usual one in the same 
limit - as this will be the case indeed. Then, using this generalized Clifford 
algebra, we introduce the Dirac operator over an abelian finite group. In sec¬ 
tion 5 we show how these results apply to LFT and to the fermion doubling 
problem. 

2 Calculus over Finite Groups 

We are interested in a calculus over an abelian finite group, and noncommu- 
tative geometry provides the tools we need. We shall consider a finite group 
G with elements x,y,z,..., which we suppose to be abelian. In fact, the 
hypothesis of an abelian group will be needed only in the following sections 
~ the results of this section also apply to non-abelian groups|TT| - but since 
we don’t see any advantage in leaving this hypothesis for the next section, 
we shall suppose it from the beginning. 

Let A be the algebra of functions in G with values in C or M. An arbitrary 
function f E A can be written in the form 

/ = ( 1 ) 

x&G 

where f{x) G C and is such that 

e-{y) = 51- ( 2 ) 

The unit can be written as = Yhx ■ 

The 1-forms are elements of which is generated as an ^-bimodule. 
The differential operator d : D*’ = ^ ^ is defined as 

d/ = l®/-/«)l. (3) 
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If we define = e® ® for x ^ y and = 0 we can write 

de^ = (4) 

y 

Note that fdg ^ {dg)f, that is, the calculus is non-commutative, even if A is 
a commutative algebra. This is the so called universal hrst-order differential 
calculus (UFODC)I^. By universality we mean that any other hrst-order 
differential calculus can be obtained from the UFODC by an appropriated 
quotient. This corresponds to cases where some of those may vanish for 
X ^ y. For the UFODC if there is an involution * in ^ it can be extended to 
as (/ ( 8 ) ( 7 )* = ^r* ® /*, but this don’t need to be the case for an arbitrary 
hrst-order diherential calculus. 

The universal diherential calculus (UDC) is (d,D), where D = 
with being the space of A;-forms and d : —>■ The space is 

given by the tensor product (over C) of A; -|- 1 copies of ^ = 0°, which we 
denote by . We denote by vr the projection tt : (0^)®*" —>• . 

The operator d can be written as 

,Xk _ QXi,y,X2,--- ,Xk ,Xk,y'j 

y 

where is zero if any two adjacent indeces are equal and © • • • © 

otherwise. Any diherential calculus is obtained from the UDC by an 
appropriated quotient. 

Let us dehne the translation as 

{T^xf){y) = f{y + x). ( 6 ) 

We can extend this dehnition to (and so on) according to TZx{f ® g) = 
(J^xf) © (JZxg). In the case of a nonabelian group we need to distinguish in 
this case the right and left translations. There is a particularly importante 
set of 1 -forms, which we denote by 9^, dehned by 

QX^'^^y,y+x_ 

y 

The importance of these 1-forms is because they are invariant, that is, = 
9^. For nonabelian groups we can dehne sets of 1-forms that are left and right 
invariant (in terms of left and right translations) and in general those sets 
are diherent [[l^] . 
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The noncommutative of the present calculus can be expressed through 

( 8 ) 

where we used the brackets to explicitly indicate that there is no sum implied 
in this formula. The differential of a function f G A can be expressed now 
as 

d/ = e/ - /9 = = E /)• (9) 

X X 

where we defined 6 = Yhx 

Dif = K./ - /. D-f = f- n-'f. (10) 

Now, let us define the dual space to that is, define the vector fields. 
In the differential geometry of manifolds, vector fields {x here is a point of 
the manifold) can be defined by means of df{dx) = d^f ■ This is the definition 
of a contraction, and we can write it in a more convenient way as {dx-, d/) = 
(d/, dx) = dxf, where we used left and right contractions, respectively. In 
the case of the geometry of manifolds there is no need to distinguish between 
left and right contractions of 1-forms by vector fields since both give the same 
result, but this is not the case in noncommutative geometry. It is not difficult 
to see this, and (to the best of our knowledge) the authors that make explicit 
use of contractions have chosen one over another p, |^. In our oppinion this 
is not the correct approach since we believe that both contractions (left and 
right) are needed. 

We shall, therefore, define and consider both left and right contractions. 
However, before doing it, a word about the notation is needed. We shall 
not use a notation like dx for vector fields. We prefer to use instead the 
notation Dg=^. This would be equivalent to write D^x for dx in the geometry 
of manifold, and is remind us of the grassmanian character of the differential 
da: (in fact we usually denote by dg or Dg the dual quantity of a grassmanian 
variable 6). In terms of the geometry of manifolds we believe that we don’t 
see the advantages of this notation since almost everyone is used with that 
other notation, but in the context of noncommutative geometry and of the 
specific problem we are addressing in this paper we can see only advantages 
in using this new notation over the old one. 

Now we define the left and right contractions of the 1-form d/ by the 
vector field Dg^ as 

{Dg.,df) = D-f, (d/, Dg.) = Dff, (11) 
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respectively. There is a very beautiful characterization of this operations and 
of the vector helds Dqx in terms of Hopf algebras, but we shall not discuss 
this here - see for example [Q. We have the following properties: 

( 7 ^,/)^), ( 12 ) 

with an analogous expression for the properties of the right contraction. For 
more details see H.0- 


3 Wedge Product and Exterior Algebra 


Wonorowicz||12|| has shown that for a bicovariant calculus there exists a 
unique bimodule isomorphism A : (g) —>■ (g) which satishes the 
Yang-Baxter equation - being a bimodule isomorphism it also satishes 


Aif^g) = fA{^)g, f,geA, (13) 

This result can be applied to our present case, and indeed for an abelian 
hnite group we have the simple result 


A(r ® e^) = ey®e^ 


For a nonabelian group, see [|^ 


The wedge product of 1-forms 'ijj and 0 is dehned as 


(14) 


0 A 0 = (vr o A)(0 (g) 0), 

with TT being the projection (g) —>■ and 

(15) 

A = id (g) id - A. 

(16) 


In spite the expression for A - eq.([T^) - that resembles the ordinary permu¬ 
tation operation, we have in general 


■0 A 0 7^ —0 A 0. (17) 

This is due to the noncommutativity of functions and 1-forms as in eq.(|]). 
However, we still have one simple expression in our case of an abelian hnite 
group for a particular product, namely 

A 0 =-(77,,0) A 0efl^ = /\^ (18) 
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It is not difficult to generalize the wedge product for arbitrary A:-fornis, and 
the formulas can be hnd in [^, [1^, so that we shall not reproduce them here. 
The space of A:-forms will be denoted by /\^. The generalization of eq.(^) is 


= (19) 

where denotes the involution dehned by 

( 20 ) 

Eq.(0) can be written in a form that will be important for what follows. 
Indeed we shall look for operators acting over multiforms, and eq.(p!9D can 
be interpreted from an operator point of view as follows. Let us dehne the 
operators E(6''^) and El(6*^) as 


E(r)(V’) = 0^ At/;, E^(r)(T/;) =t/;A0^ 


( 21 ) 


that is, they are left and right wedge multiplications. Eq.(|T^) then implies 


that 

E(r) = E^(r)7^,,#, Et(0^) = E(0^)7^;^#. (22) 

Other properties that can be easily verihed are 

E(0^)E^(0^) = E'^(0^)E(r), (23) 

E{e^)E{ey) + E(0^)E(r) = o. (24) 

If we dehne E(/)('^) = fif} and E1 (/)(t/;) = t/;/ we can also write 

E(/0") = E(/)E(r), E(0V) = E(0")E(/), (25) 

E\e^f) = E\f)E\9^), E^(/r) = E'f(r)E^(/). (26) 

This equations must be used with eq.(||). 


Our next step is to consider the contractions. The left and right con¬ 
tractions of 1-forms by vector helds given by eq. (Q) can be easily to (O^)® . 
For example, the generalization of the left contraction to (O^)® is given by 
{Dqx, -01 ® ® 0fc) = {Dqx, 0i)02 ® ® 'ipk- The expression for the right 

contraction is analogous. The extension of these contraction to the exterior 
algebra can now be dehned. Let us denote the left contraction by Dqx in this 
context by 1{Dqx). An element of /\^ is of the form -0 = (7roA)(0i®- • 
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where tt = tt^ now must be the projection —>■ and A : —>■ 

(f2^)® is the appropriated generalization of that A given by eq.(|T^ - see 
1^, 1^. The left contraction l^Dox) ; /\^ ^ can be dehned as 

l{Dex:){'Kk[^{'ilji 0 • • • ® ipk)]) = 7rfe_i[(D6i^, A(?/^i ® • • • 0 i^k))]- (27) 

The expression for the right contraction, which we denote by is dehned 

analogously. 

From the dehnition one can prove the following important properties 

I(D,.)(^ A 0) = [I{Dgx){ij)] A 0 + (#777V) a [I{Dgx){<p)], (28) 

li(D,.)(^ A 0) = ^ A [li(D,.)(</>)] + [iKD9^)m A (#77.0). (29) 

The contraction with an arbitrary vector held can be calculated using l{fDgx) = 
E{f)l{Dex), l{Dexf) = l{Dgx)E{f) and fDgx = DexTZ^f, with analogous 
formulas for the right contraction. Properties analogous to eqs.( p8| , p9D obvi¬ 
ously don’t hold for an arbitrary vector held since /# # #/. However, these 
properties are enough for our purposes. 

From eqs. (p8tp9D it follows the following important property: 

V{Dgx) = -I(D,#77.#, l{Dgx) = -l\Dgx)n-^i^. (30) 

Moreover, left and right contractions by Dqx commute, that is, 

l{Dgx)l\Dgy) = 1\Dgy)l{Dgx.) . (31) 

From these last two equations it follows that 

\{Dgx)\{^Dgy) + \{Dgy)\{Dgx) = 0, (32) 

with an analogous equation for the right contraction. This equation again 
only holds for the vector helds {Dgx^ and not for arbitrary ones (since {0^} 
are (left and right) translation invariants). 

There are some formulas that follow from eqs. (p8| , p^ that will be of in¬ 
terest for us. In particular we have 


i{Dgx)E{ey) + E{ey)i{Dgx) = 51 
lt(D».)E(«») - E(«»)lt(Ds.) = 


(33) 

(34) 


4 Generalized Clifford Algebras and the Dirac 
Operator 


Clifford algebras can be defined in several different ways. One of these ways 
is as a snbalgebra of the algebra of endomorphisms of the exterior algebra. 
Let ns considerer the geometry of manifolds; nsing a notation analogons 
to the one of last section, if we denote the wedge mnltiplication by dx^ 
as E(dx^) and the left contraction by the vector field as 1(5/^), then the 
qnantities 7 ^ = E(dx^)+I(9^) generate a Clifford algebra, that is, 7 ^ satisfies 
7 ^ 7 ^ + 7 *^ 7 '^ = 25^'^ (in case of an arbitrary inner prodnct we take 7 ^ = 
E^dx^) + The Dirac operator can now be defined as 9 = 

We must note, however, that there is also another natural possibility, that 
is, to consider the quantities 7 ^ = E(dx^) — 1(5;^). These quantities 
generates a Clifford algebra for a space with opposite inner product, that 
is, they satisfies 7 ^ 7 ^ + = —25^'^. Both algebras (generated by { 7 ^^} 

and { 7 ^}) are needed in order to describe all endomorphisms of the exterior 
algebra, but we can in fact consider only one of these algebras! This is 
because the right multiplication by 7 ^ is equivalent to left multiplication by 
7 ^ (apart from the involution jf). This means that instead of working with 
{ 7 ^} and { 7 ^} acting from the left, we can work only with { 7 ^} but now 
acting both from the left and from the right, and satisfying of course the 
same commutation relations no matter what side they are. This question 
is treated in details in[T^, so we invite the interested reader to see 


these references for more details since we just need the above ideas for what 
follows. 

We are looking therefore for an operator that is the transcription (in 
terms of abelian hnite groups) of the operator d = whose square 

is the laplacian = □. Let us denote this operator by the same 

letter since there is no risk of confusion in this case. So, we want an operator 
d such that 


= = °' ( 35 ) 

X X 

where □ now denotes the transcription of the laplacian for a finite group. In 
analogy to the continuum, it is reasonable to suppose that d should have the 
form here we have two problems: first, how we 

choose among and D~ in these expressions, and secondly, who is T*? If 
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we want eq.(^) to be satisfied, then {F^} cannot satisfies a Clifford algebra 
relation r^F^ + r^'F® = 25^^. If {F^} are supposed to satisfy a Clifford algebra 
relation then it seems that there is only one way to factor the laplacian, 
that is, to use two operators like d~ = and 

then d^d~ = d~d^ = □. But this is what we are trying to avoid! The 
natural guess therefore is to suppose that {F*} does not generate a Clifford 
algebra but instead another algebra that reduces to a Clifford algebra in the 
continuum limit. 

The expression for 7 ^ that generates a Clifford algebra in the continuum 
can be written as 7 ^ = E(da;^) + 1(9/^) = E(da;^) — where in the 

second equality we used the relation between left and right contractions that 
holds in the continuum case, namely 1(9;^) = —- see [|^. This last 
expression, however, does not hold in our present case, where we have instead 
the relation given by eq. (POD . This means that if we translate the above 


expressions to our case as yf = E( 0 -) + l{De^) and yf = E( 0 -) - 
respectively, then these quantities are no longer equivalent. Of course the 
same happens if we apply the same reasoning to the quantities E( 6 *'^) and 
E 1 ( 6 *'^) related by eq.(^^ instead of an equation like the one in the continuum, 
namely E(dx^) = El(da;^)^. In summary, this means that we have some 
different possibilities concerning the definition of a quantity F^ that we hope 
to solve our problem, and the only criterion we have seen in order to decide 
for one of these different possible generalizations it to choose the one that 
works (if any). Fortunately there is one! 

We shall define the quantities {F^} as 


r- = E(e*) - 


(36) 


From eq.( 


we can also write 


F^ = E{e^) +l{De^)'JZx 


(37) 


Note that if we are working in a space with an inner product such that 
g{9^,9^) = then we need to use instead g^yi^Dgy) in the above expres¬ 
sions. The details about the definition of a metric over a finite group can be 


found in [BT 


The above quantities {F*} does not satisfies a Clifford algebra, but instead 
a generalized one of the form 


F^F^ + F^F^ = 26 ^yn^ 


(38) 
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The above relation follows after using eqs.(^,^) in the above dehnitions. 
We see therefore that the quantity T^ is the square-root of the translation 
operator, 


(r")2 = (39) 

On the other hand, let us consider the quantities T*^ given by 

rt^ = + l\De^). (40) 

We can easily see that {Tl*} satisfy the same commutation relations, 

+ pt?/pt^ = 25^yn^. (41) 

These quantities are related to by {T"^} dehned by 

f" = E(0") + l\De^) = E(0") - (42) 


according to 

rtx = (43) 

Moreover we have 


pxpty _ pfypx ^ g_ (44) 

The situation is exactly analogous to the continuum, and indeed for {T^^} we 
have 


f^fy + fyf^ = (45) 

We see therefore that we have now a picture completely analogous to the 
continuum. 

Now comes the Dirac operator. We dehne the Dirac operator as 

r'-D;- (46) 


It easily follows from eq. (|38D that 

d^ = Y. ( 47 ) 

X 
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that is, the square of the Dirac operator defined as above gives the laplacian 
over an abelian hnite group, and this is indeed what we expect from a “true” 
Dirac operator. 

The analogy with the continuum goes further. As well-known we have 
the relationship <9 = d — 5, where d is the Dirac operator and d and 5 are 
the differential and the (Hodge) codifferential operators. The action of the 
operators d and 5 can be obtained from the action of the Dirac operator by 
considering both the left and right actions of it. The Dirac operator acting 
on the right is obviously 


(48) 

X 

The differential and codifferential can now be expressed as 

d'*/' = 

and 

and then 

a = d - h. (51) 

It is a straightforward calculation to show that the above equations are equiv¬ 
alent to 


(49) 

(50) 


and 



(52) 

Spj = I(Bg.)^ + P(D0.)#P;. 

(53) 


5 Lattice Field Theories 

LFT are an obvious arena of applications for the results of the last section. 
The group G for 4-dimensional LFT is G = x Zjvj x Zjvg x and 
topologically we have a discretization of a 4-torus. The noncommutative 
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calculus for LFT corresponds to a reduction of the UDC for an oriented 
lattice 0 , that is, we have 7 ^ 0 only for x = ( 711 , 722 , 713 ,^ 4 ) and y = 
{(rii + 1, 772, ^3, 774 ), ( 771 ,772 + 1, [73, 774 ), (tTi, 772, [^3 + 1, n^), {fli, 772, ?^3, ^4 + !)}• 
Let us denote i = (1,0, 0,0), 2 = (0,1, 0,0), 3 = (0,0,1,0), 4 = (0,0,0,1). 
We have four 1-forms 6^ (p = 1,2, 3,4), given by 





ns,n4), (711,712,ns,n4)+/t 


(ni,n2,n3,n4) 


(54) 


The four quantities T^ are given by 


= E(0^) + i{Dg,)nf, 


(55) 


and they satisfy 




F^F^ + F^F^ = 

(56) 

The Dirac operator is 




s = Y,^“d-. 

(57) 




The above results appear to be directly related to the so-called fermion 
doubling problem. Recently Feng, Li and Song (FLS) ^ provide a formu¬ 
lation of LFT that seems to be free from fermion doubling and with chiral 
invariance in the massless limit. The idea behind the FLS approach is to 
dehne operators corresponding to half-spacing translation. Since there is 
no meaning to a half-space translation in the real space, FLS dehned it in 
the momentum space. They dehned operators 'R -^/2 satisfying (i) = 

7^^, (ii) 7 ^^/ 27^_^/2 = 7 ^_^/ 27^^/2 = 1 and (iii)n = “ ^-/i/ 2 )^- 

From the last property it follows their expression for the Dirac operator 
^ 7 ^( 7^^/2 — 7 ?._^/ 2 ), where 7 ^ are the generators of a Clifford algebra. 

The problem in the FLS approach, as recognized by the authors, is the 
nature of the operator 7 ?.^/ 2 . According to their dehnition, these operators 
are of the same mathematical nature of the operators and of course 
there is no sense in thinking of a half-space translation. The justihcation for 
their approach seems to be that it works. This is acceptable as an insight, 
but it must be justihed mathematically. Our approach seems to provide such 
justihcation. Indeed, the essential point is the introduction of a square-root of 
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the translation operator, and in our approach it appeared naturally as those 
operators While we were not able to see any mathematical justihcation 
for an operator like this is not the case for the operators F^. The 

expressions in FLS approach are related to ours by the correspondence 

(58) 

If we replace F^ by in the expression for the Dirac operator (^7]) we 

get exactly the expression used by FLS. However, in our oppinion this must 
not be taken as a justihcation for those operators 77^/2 since this operator 
seems to us meaningless whatever approach we take. Anyway, the above 
correspondence strongly suggests that maybe we have here a possible solution 
to the old fermion doubling problem - in order to see how it works see P|. 

6 Conclusions 

We have shown how to construct a Dirac operator in complete analogy with 
the continuum over an abelian hnite group. This was possible once we have 
introduced a new algebraic structure that generalizes the Clifford algebras 
(and which reduces to them in the continuum limit). The generators of this 
new Clifford-like algebra appear as square-root of the translation operators. 
These generators can be construct in exactly the same manner as in the 
continuum, from the operators of exterior (wedge) multiplication and (right) 
contraction. Moreover we still have the remarkable relation 9 = d — h in¬ 
volving the Dirac operator and the differential and codifferential operators. 
We have also shown how these results can be applied to lattice held theo¬ 
ries, and in particular to a recent proposed solution to the fermion doubling 
problem, where that generalized Clifford-like algebra seems to provide its 
mathematical basis. 

Acknowledgments. We are grateful to Professor A. P. Balachandran and 
A. Zajec for their kind hospitality at SU and to FAPESP (Fundagao de Am- 
paro a Pesquisa do Estado de Sao Paulo - Brazil) for the hnnancial support. 


References 

[1] I. Montvay and G. Miinster, Quantum Fields on a Lattice, Cambridge 
University Press (1994). 


14 


[2] J. Vaz, Jr. “Clifford-like Calculus over Lattice”, preprint Syracuse Uni¬ 
versity SU-4240-646, September 1996, submitted for publication. 


[3] A. Maia, E. Recami, W. A. Rodrigues and M. A. F. Rosa, J. Math. Phys. 
31, 502 (1990). 

[4] I. Benn and R. W. Tucker, Introduction to Spinors and Geometry, Adam 
Hilger (1987). 


[5] B. Feng, J. Li and X. Song, 
preprint |hep-lat 9706015|. 


“A New Formulation in Lattice Theory”, 


[6] A. Connes, Noncommutative Geometry, Academic Press (1994). 

[7] J. Madore, An Introduction to Noncommutative Differential Geometry 
and its Physical Applications, Cambridge University Press (1995). 


[8] A. Dimakis and F. Muller-Hoissen, J. Math. Phys. 35, 6703 (1994). 

[9] P. Aschieri and L. Castellani, Int. J. Mod. Phys. A8, 1667 (1993). 

[10] G. Landi, “An Introduction to Noncommutative Spaces and their Ge¬ 
ometry”, preprint |hep-th 9701078 . 

[11] K. Bresser, F. Muller-Hoissen, A. Dimakis and A. Sitarz, J. Phys. A29, 
2705 (1996). 


[12] S. Woronowicz, Commun. Math. Phys. 122, 125 (1989). 


[13] P. Aschieri and P. Schupp, Int. J. Mod. Phys. All, 2705 (1996). 

[14] Z. Oziewicz, in Glifford Algebras and their Applications in Mathematical 
Physics, J. S. R. Chisholm and A. K. Common (eds), pg. 245, D. Reidel 
(1986). 


[15] J. E. Gilbert and M. A. M. Murray, Glifford Algebras and Dirac Opera¬ 
tors in Harmonic Analysis, Gambridge University Press (1991). 

[16] F. Reese Harvey, Spinors and Calibrations, Academic Press (1990). 

[17] W. A. Rodrigues, Jr., Q. A. G. Souza, J. Vaz, Jr. and P. Lounesto, Int. 
J. Theor. Phys. 35, 1849 (1996). 


15 








